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Abstract. In this paper the necessary and sufficient conditions for 
a mapping to be the dependence of the complete solution of some 
first-order ordinary diflerential equation on the initial Cauchy condition 
are deduced. The result is obtained by studying the Cauchy atlas 
on a manifold of complete solutions. The proof is constructive - the 
corresponding differential equation is obtained. The autonomous case 
and the linear case are discussed. The relation to the Sincov functional 
equation is clarified. 
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1. Introduction 

In Section 2, we introduce the first-order ordinary differential equation and 
the Cauchy atlas on a manifold of complete solutions. Four necessary con- 
ditions for a mapping to be the coordinates transformation of the Cauchy 
atlas are given. 

In Section 3, we also prove the sufficient conditions (5) for a system 
F = {FT-a}T,aeR of functions to be the Cauchy atlas coordinates transforma- 
tions. The necessary conditions are well-known and included in many papers 
and monographs (see, e.g., [2], [7]), whereas the sufficient conditions are pre- 
sented here, as far as the authors know, for the first time. These conditions 
are in the form of the composition of iterations in the non-autonomous dy- 
namical systems theory (see, e.g., [4]). 

Sections 4, 5 and 6 contain special cases of the first-order ordinary differ- 
ential equations. More precisely, we discuss here autonomous equations and 
linear inhomogeneous equations. Section 7 contains a simple example. 



2. The Cauchy atlas 

Let M be a set, n a natural number, / an index set. A coordinates chart 
is a bijection; its domain is a subset of M and its codomain is a subset of 
R". A system of coordinates charts {(^rlre/ is an atlas if and only if the 
union of domains of all coordinates charts is equal to M. A manifold is a 
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set endowed with an atlas. By coordinates transformation on a manifold we 
mean the mapping 

Frp-. (pp{Dom{(pr) n Dom(93p)) 3 a 

</'t(v'p~H«)) e (pT(Dom{(fr) nDom(99p)), 

where (fr and ipp are coordinates charts. In the definition of the coordinates 
transformation we admit the empty mapping, i.e. Dom((^T-) nDom{(pp) = 0. 

Let / be a C^-mapping, where Dom(/) is a non-empty open subset of 
M X and Codom(/) = W^. Consider the first-order ordinary differential 
equation 

x = f{T,x) (2) 
and the Cauchy initial condition 

x{p) = a, (3) 

where (p, a) G Dom(/). 

Let M be the set of all complete solutions of equation (2). For 
each r G M we define mapping cp-r, where Dom((/?T-) = {x E M \ t E 
Doni(.T)}, Codom(99T-) = {a E R" | (r, a) G Doni(/)} and maps a com- 
plete solution X to the value x{t). From the existence and the uniqueness of 
the complete solution of the equation (2), (3) (see, e.g., [3, chapter V]) the 
bijectivity of (pr follows. Hence (pr is a coordinates chart on M. The system 
{(^T-}reM forms a Cauchy atlas on M. 

Lemma. Let F = {i^Vplr.peR the coordinates transformations system of 
the Cauchy atlas on the set M of all complete solutions of equation (2). 
Then 

1. K = {(r, p, a) G M X M X I a G Dom(F^p)} is a non-empty 

open set, 

2. each function from F is bijection, 

3. mapping K 9 {T,p,a) dFTp{a)/dT G R" is , 

4. J(/9, a) = {r G M I a G Dom(F^p)} is an open interval for each 
/9 G R, a G R". 

Proof. From (1) the mapping 

x: J{p, a)3T^ Frp{a) G R" (4) 

is the complete solution of (2) satisfying (3). The dependence of the so- 
lution on the Cauchy condition has an open domain (see [7, Chapter 4, 
§23]). The statement 1 follows from this and from the non-emptiness of 
Dom(/). The statement 2 is obtained from the definition of coordinates 
transformations. It follows from [2, Chapter 4, §32] that the mapping 
K 3 {T,p,a) I— >■ FTp{a) G M" is C^. The mapping / is by assump- 
tions. Therefore {T,p,a) f{T,Frp{a)) is C^. The statement 3 follows from 
(2), (4). Since J{p,a) is the domain of the complete solution (4), we get the 
statement 4 from the openness of Dom(/). □ 
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3. Transformations 



Let F = {Ft-p}t-,pgir be a system of functions, where domain and codomain 
of each function from F are subsets of M". The following Theorem gives the 
necessary and sufficient conditions for to be a system of the Cauchy atlas 

transformations. 

Theorem. The functions from the system F = {FT-a}T,ije'M. o,re coordinates 
transformations of the Cauchy atlas on a manifold M of the complete solu- 
tions of some equation (2) if and only if the statements 1, 2, 3, 4 from 
Lemma are satisfied and the condition 

Fra{Fap{a)) = Frp{a) (5) 

holds for each T,a,p G M and for each a G Fcrp~^{Codom{F^p) n 
Codom(F^T-)). 

Proof. Assume that F is a system of coordinates transformations of the 
Cauchy atlas on M. According to Lemma, the statements 1, 2, 3, 4 are 
satisfied. Prom the definition of the coordinates transformation we have the 
condition (5) immediately. 

Let us suppose the condition (5) and the statements 1, 2, 3, 4 from Lemma 
hold. From (5) we get F^^p^Fp^^i^a)) = F„„{a) for each a € Dom(Fp(j). If we 
put p = a, then from the statement 2 of Lemma we obtain a = F^raia) for 
each a G Dom{F^„). Prom above 

Dom(Fp^) C Dom(F^^), (6) 

Fpa — Fap (7) 

for each p, a G M. 

Consider the equation (2), where 

dFraia 



fir, a) 



(8) 



Prom the statement 3 of Lemma we see that / is C^. Let {p,a) G Dom(/) 
be fixed. Then a G Dom(Fpp). Moreover, J{p,a) is non-empty according 
to the statement 4 of Lemma. Let a G J{p,a). Then a G Dom(Fo-p). Let 
T G J{a,Ffjp{a)). This set is non-empty, since from (6), (7) we have a G 
J{a,F^p{a)). From (7) a G F^p-^(Codom(F^p) n Codom(F<^^)). Therefore 
the condition (5) holds for such a. Differentiating (5) with respect to r, 
putting cr = r and using (8) we get 

= f{r,Frp{a)}. 

Then the mapping x defined by (4) is the solution of the equation (2), 
(8). We will check that a; is a complete solution. Let us suppose x is not 
complete. Then there exists a complete solution x such that x = At 
least one of the values sup( J(/9, a)), inf( J(p, a)) is an element of Dom(x). Let 
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us suppose uj = sup(J(p, a)) G Dom(S) (the case inf(J(p, a)) G Dom(x) is 
analogous). Then {u,x{ijj)) G Dom(/). Further from (8) x{ijj) G Dom(F;^t^). 
Therefore {uj,io,x{uj)) G i^. By the statement 1 of Lemma, there exists 
e > such that for each a from an open interval {oj — e,w) we have 
{uj,a,x{a)) = {uj,a,x{a)) = {uj,a,F„p{a)) G K. By using (7) we get 
a G Fo-p^^(Codom(Fo-p) n Codom{Ff^^)) . From (5) wc obtain F^^{F(jp{a)) = 
Fujp{a). Therefore sup(J(p, a)) = a; G J{p,a). Nevertheless from the state- 
ment 4 of Lemma J(p, a) is an open set. This contradiction proves that 
X is the complete solution. Thus for any Cauchy condition (3), where 
{p,a) G Dom(/), we have the complete solution (4). Since / is C^, any 
other complete solution does not exist. Then we can construct the Cauchy 
atlas. Prom (4), (7) and from the statement 4 of Lemma the condition (1) 
holds. □ 



4. The autonomous case 

Let [/ C R" be an open set. Let (2) be a equation with Dom(/) =RxU, 
where /: (r, a) ^(a) and U ^ W". Then the mapping J{p,a) 3 t 
Fr-pfiia) G M" is the complete solution of this equation satisfying the same 
Cauchy condition as the solution (4). Hence we can put 

Frp = Gf—pi (9) 

where Gt = Ftq. From (5), (9) we have 

Ga{G/3{a)) = Ga+/3{a) 

for each a G G^^(Codom(G/3) n Codom(G_Q,)). The mapping G: {a, a) i-^ 
Gaia), where Dom(G) = {{a, a) G M x M.^ \ a G Dom(Ga)}, is the maximal 
flow of the vector field ^ (see, e.g., [5, Chapter 17]). The mappings G-r form 
a local one-parameter group of transformations (for C°° case see, e.g., [6, 
Section 1.2]). If Dom(GT-) = U for each r G M, then G^-'s form a group of 
transformations of U. 



5. The linear case 

Let / be an open interval. Let us consider the linear inhomogeneous functions 
FTa, where 



Dom(F,,) = 




for T.a E I, 
otherwise. 



The condition (5) can be rewritten as Sincov's functional equation (see [1, 
section 8.1]) 

Ftct ^ Ffjp = F-j-p 

for each t, a, p e I. Its general solution has the following form 
Fr^ia) = Wr{W-\a) + K - K), 
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where Wt : M" — > M" is an arbitrary linear automorphism and /i^ is an 
arbitrary term of for each r G /. If the conditions from Theorem are 

satisfied, then the differential equation (2), (8) is also linear inhomogeneous 
and Dom(/) = I x M". Moreover, r i— > W-r is the Wronski matrix and 
r W-j-hr is the particular solution of this equation. 



6. The linear autonomous case 

Let the mapping Gr ■ IR"^ K"^ defined by (9) be linear inhomogeneous for 
each r G M. We can rewrite the condition (5) as 

GaoGp = Ga+l3- (10) 

Therefore G,-'s form the group of affine transformations of R". Let us sup- 
pose the mapping /3 i— > is continuous. We define a mapping 



H: e 



Since lim£_>o = id^n , from continuity, there exists £ > such that is 
invertible. By integrating (10) and substituting 7 = a + /? we obtain 



From this and from (9) we have the statement 3 of Lemma. From (10) and 
from Theorem we can see that functions from the system F = {Gr~a}T,creR 
are the coordinates transformations of the Cauchy atlas on a manifold M of 
the complete solutions of some equation (2). From (8), (9) the equation 
(2) is linear inhomogeneous with constant coefficients. 



7. Example 

Example. Let us consider the equation (2), where /: 9 (r, a) 1— > G 
It is easy to see that for this equation we have 

Fraia) 



l + ((j-r)a' 



where Dom(i^VCT) = {a G M | (r - a)a < 1}, Codom(FT-(j) = {a G M | 
(r — a)a > —1}. The mapping G: (r, a) 1— > a/(l — to) is the maximal flow 
of ^ : a I— . 
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